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Abstract
We discuss universal properties of some operators Ln : C[0, 1] → C[0, 1]. The operators considered
are closely related to a theorem of Korovkin (1960) [4] which states that a sequence of positive linear
operators Ln on C[0, 1] is an approximation process if Ln fi → fi (n → ∞) uniformly for i = 0, 1, 2,
where fi (x) = x i . We show that Ln f may diverge in a maximal way if any requirement concerning Ln in
this theorem is removed. There exists for example a continuous function f such that (Ln f )n∈N is dense
in (C[0, 1], ∥.∥∞), even if Ln is positive, linear and satisfies Ln P → P (n → ∞) for all polynomials P
with P(0) = 0.
c⃝ 2011 Elsevier Inc. All rights reserved.
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1. Introduction
In 1929, Birkhoff proved in [2] the existence of an entire function f such that for every entire
function g, there is a subsequence nk of the natural numbers such that ( f (z+ nk))k∈N converges
locally uniformly to g(z).
With the definition Ln : H(C) → H(C), Ln f (z) := f (z + n), where H(C) is the space of
all entire functions, the theorem of Birkhoff asserts the existence of a function f such that Ln f ,
n ≥ 1, is dense in H(C), endowed with the topology of local-uniform convergence. According
to the definition in [3], such a function f is said to be (Ln)n∈N-universal for H(C), which is
written as f ∈ U((Ln)n∈N, H(C)).
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Since then, these “universal functions” (universal by the fact that every other function can
be approximated by means of f ) have been studied extensively; see [3] for a survey. In [1],
Bayart et al. give an abstract framework for the theory of universal series and show that these
universalities are special instances of the definition in [3].
In this paper, we study the existence of universal functions with respect to some operators
Ln : C[0, 1] → C[0, 1] that are closely related to the following famous theorem of Korovkin
[4]. Here, C[0, 1] is the set of all continuous functions f : [0, 1] → R and Ln is called positive,
if f (x) ≥ 0 (∀x ∈ [0, 1]) implies (Ln f )(x) ≥ 0 (∀x ∈ [0, 1]).
Theorem 1 ([4]). If a sequence of positive linear operators Ln : C[0, 1] → C[0, 1] satisfies
the conditions Ln fi → fi (n → ∞) uniformly for i = 0, 1, 2, where fi (x) = x i , then
Ln f → f (n →∞) uniformly for every continuous function f .
Our main result in this paper states that there is a sequence of positive linear operators
(Ln)n∈N that satisfies Ln P → P (n → ∞) for every polynomial P with P(0) = 0 such
that U((Ln)n∈N,C[0, 1]) ≠ ∅. Thus, there is a continuous function f such that (Ln f )n∈N does
not only not converge to f , but also diverges in a maximal way.
Further, we show that there are sequences of linear (but not positive) and of positive (but not
linear) operators (Ln)n∈N that satisfy Ln P → P (n → ∞) uniformly for every polynomial P
such that U((Ln)n∈N,C[0, 1]) ≠ ∅.
Actually, in all cases, the set of universal functions U((Ln)n∈N,C[0, 1]) is not only not empty,
but also contains in some sense almost all functions.
Structure of the paper. In the next section, we provide notations and auxiliary results. In
Section 3, we state our results whose proofs appear in Section 4.
2. Notations and auxiliary results
For n ∈ N and a function f ∈ C[0, 1], we denote by B(n, f ) the n-th Bernstein polynomial,
that is, B(n, f )(x) = nk=0  nk  f  kn  xk(1 − x)n−k . It is well-known that the sequence
(B(n, f ))n∈N converges uniformly to f for all functions f ∈ C[0, 1]. Moreover, B(n, ·) is linear
and positive for all n ∈ N.
By C0([0, 1]), we denote the set of all functions f ∈ C[0, 1] with f (0) = 0.
3. Main results
Theorem 2. There is a sequence of positive linear operators (Ln)n∈N such that for every
polynomial P with P(0) = 0 we have
Ln P → P uniformly on [0, 1] (n →∞),
and a set of functions f , residual in (C0([0, 1]), ∥·∥∞), such that (Ln f )n∈N is dense in
(C([0, 1]), ∥·∥∞).
Theorem 3. There is a sequence of positive operators (Ln)n∈N such that for every polynomial
P we have
Ln P → P uniformly on [0, 1] (n →∞),
and a set of functions f , residual in (C([0, 1]), ∥·∥∞), such that (Ln f )n∈N is dense in
(C([0, 1]), ∥·∥∞).
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Theorem 4. There is a sequence of linear operators (Ln)n∈N such that for every polynomial P
we have
Ln P → P uniformly on [0, 1] (n →∞),
and a set of functions f , residual in (C([0, 1]), ∥·∥∞), such that (Ln f )n∈N is dense in
(C([0, 1]), ∥·∥∞).
4. Proofs
Proof of Theorem 2. 1. Choose any enumeration of polynomials with rational coefficients and
with degree at least 1; in order to arrive at an enumeration (Qn)n∈N with deg Qn ≤ n,
intersperse the constant polynomials with rational coefficients at suitable places.
Let Qn(x) = nν=0 a(n)ν xν and Mn := 2n maxν≤n |a(n)ν | + 1. Further, let x (n)0 , x (n)1 ,
. . . , x (n)n (n ∈ N) be chosen such that, for all n ∈ N, we have x (n)n < 1Mn(n+1)2 , x
(n+1)
n+1 < x
(n)
0
and 0 < x (n)0 < x
(n)
1 < · · · < x (n)n < 1. Then, for all k ∈ N, we have
Mn
n
ν=0

x (n)ν
k
< Mn
n
ν=0
1
Mn(n + 1)2 <
1
n
→ 0 (n →∞). (1)
2. Now, we define Ln (n ∈ N) in the following way:
(Ln f )(x) := B(n, f )(x)+ Mn
n
ν=0
f (x (n)ν )x
ν ( f ∈ C([0, 1]), x ∈ [0, 1]) .
As B(n, ·) is positive and Mn > 0, we conclude that Ln is positive. Clearly, as B(n, ·) is
linear, Ln is also linear.
Further, (1) implies that for every polynomial P(x) =Kk=1 pk xk we have
max
[0,1]
|(Ln P)(x)− P(x)| ≤ max[0,1] |B(n, P)(x)− P(x)| +max[0,1]
 K
k=1
pk Mn
n
ν=0
(x (n)ν )
k xν

≤ max
[0,1]
|B(n, P)(x)− P(x)|
+
K
k=1
|pk |Mn
n
ν=0
(x (n)ν )
k → 0 (n →∞).
3. Since max0≤ν≤n |a
(n)
ν |
Mn
→ 0 and max0≤ν≤n x (n)ν → 0 as n → ∞ and since the x (n)ν (n ≥
1, 0 ≤ ν ≤ n), are pairwise distinct, there is a continuous function f ∗ : [0, 1] → [0, 1] with
f ∗(0) = 0 such that f ∗(x (n)ν ) = a
(n)
ν
Mn
for n ≥ 1, 0 ≤ ν ≤ n.
4. Now, we show that (Ln f ∗)n∈N is dense in C([0, 1]). For this, let g be a continuous
function. We choose a subsequence of natural numbers (nk)k∈N with Qnk → g −
f ∗ uniformly on [0, 1] (k →∞). We get
(Lnk f
∗)(x) = B(nk, f ∗)(x)+
nk
ν=0
f ∗(x (nk )ν )Mnk xν = B(nk, f ∗)(x)+ Qnk (x),
and hence Lnk f
∗ → f ∗ + g − f ∗ = g uniformly on [0, 1] (k →∞).
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5. As (Ln P)n∈N converges for every polynomial P with P(0) = 0, and the set of these
polynomials is dense in C0([0, 1]), Proposition 6 from [3] implies that the set of the universal
functions with respect to (Ln)n∈N is either residual or empty. As we have constructed a
universal function, the residuality follows.
This completes the proof. 
Proof of Theorem 3. With the notation of the proof of Theorem 2, let
(Ln f )(x) = B(n, f )(x)+ Mn
1+ Mn(n + 1)2| f (0)|
n
ν=0
f (x (n)ν )x
ν
for f ∈ C([0, 1]) and x ∈ [0, 1]. Then one easily sees that Ln P → P as n → ∞ for all
polynomials P: if P(0) = 0 then the proof is as in the proof of Theorem 2, and if P(0) ≠ 0 then Mn1+ Mn(n + 1)2|P(0)|
n
ν=0
P(x (n)ν )
 ≤
Mn max
0≤x≤1
|P(x)|(n + 1)
1+ Mn(n + 1)2|P(0)| → 0 (n →∞).
With this modification, the proof of Theorem 2 proves Theorem 3. 
Proof of Theorem 4. With the notation of the proof of Theorem 2, let
(Ln f )(x) = B(n, f )(x)+ Mn
n
ν=0

f (x (n)ν )− f (0)

xν ( f ∈ C([0, 1]), x ∈ [0, 1]) .
Again we have that Ln P → P as n → ∞ for all polynomials P: if P(0) = 0 then the proof is
as in the proof of Theorem 2, for P = 1 it is trivial, and the general case follows by linearity.
With this modification, the proof of Theorem 2 proves Theorem 4. 
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